We investigate non-commutative differential calculus on the supersymmetric version of quantum space in which quatum supergroups are realized. Multiparametric quantum deformation of the general linear supergroup, GL q (m|n), is studied and the explicit form for theR-matrix is presented. We apply these results to the quantum phase-space construction of OSp q (2n|2m) and calculate theirR-matrices.
Introduction
Recently there has been much interest in quantum groups [1, 2, 3] , in the context of studying integrable field theories, statistical models and conformal field theories in two dimensions (See, e.g. refs. [4, 5] ).
Quantum groups can be realized on the quantum (hyper-)plane, in which coordinates are non-commuting [6, 7] . Woronowicz has initiated the differential calculus on the non-commutative space of quantum groups [8] , which provides an example for non-commutative differential geometry [9] . Wess and Zumino and others developed the differential calculus on the quantum (hyper-)plane covariant with respect to quantum groups [10] and multiparameter deformation of the quantum groups, especially for GL q (n) [11, 12, 13] , as well as for SO q (n) [14] . Now it would be interesting to study q-deformation of supergroups from the viewpoint of quantum space. Quantum Lie superalgebras were studied in the framework of bosonic and fermionic q-oscillators [15, 16, 17] . The Manin's construction of quantum groups has already been extended to supergroups without recourse to differential calculus [18] .
In this paper we investigate q-deformation of supersymmetric groups in the framework of differential calculus on the supersymmetric version of quantum hyper-plane or quantum superspace, where the non-commuting super-coordinates consist of bosonic as well as fermionic (Grassmann) coordinates. Based on the non-commutative differential calculus on the quantum superspace, we study quantum deformation of supergroups andR-matrices which are solutions of the Yang-Baxter equation. We shall obtain the explicit form of the multiparametricR-matrices for the quantum supergroup GL q (m|n). In contrast to the Manin's superspace [6, 18] we have the differential structure of the quantum superspace, therefore we can extend our results to quantum phase space of coordinates and momenta [10, 19, 20] . Actually we shall apply our results for the GL q (m|n) to the phase space construction [19] of OSp(2n|2m)-type quantum supergroups. [21, 22, 23] . This paper is organized as follows. In the next section we introduce the quantum superspace and study the differential calculus on it, in connection with the YangBaxter equation. In section 3, the commutation relation of the matrix elements of quantum supergroups together with the quantum superdeterminant are investigated.
Based on these results we construct the quantum phase-space of the GL q (m|n) in section 4. The final section is devoted to some concluding remarks.
Quantum superspace
Now let us introduce the supersymmetric version of non-commuting coordinates which characterize the quantum supersymmetric hyper-plane or quantum superspace as follows:
where x i and θ α denote bosonic and fermionic (Grassmannian) coordinates, respectively. They satisfy the following commutation relation
We also set up the commutation relation between coordinates and differentials:
We will see that these two coefficients B IJ KL and C IJ KL are mutually related with each other from the consistency conditions. We now extend the differential calculus on quantum space developed by Wess and Zumino [10] and others [11] [12] [13] [14] to this quantum superspace. Here we require that the exterior derivative d given by
obey the following two conditions:
wheref denotes the Grassmann parity i.e. if f is bosonicf = 0 andf = 1 if f is a Grassmann variable.
From the Leibniz rule we have for an arbitrary function f
Hence by using the commutation relation between the coordinates and the differentials (2.3) we get
We find the following equation holds
where
This relation can be obtained by multiplying the both sides of (2.7) by Z M from the right and by making use of (2.6) together with the inverse of (2.3). Moreover, we multiply (2.3) by ∂/∂Z R from the left and commute this derivative through to the right by using (2.6) and (2.7) we obtain
From the relation (2.8) we get 
We further get a relation by taking the partial derivative of the relation (2.2) multiplied by an arbitrary function of Z and using the commutaion relation (2.2) as
where X is an arbitrary parameter, and substitute it into (2.12) we can recover the relation (2.10). Here we should note that the conservation of Grassmann parity : I +Ĵ =K +L holds for the relation (2.2) as well as for the above equation. This can be proved from another derivation of the same relation by multiplying the differential of Z on (2.2) from the right and commuting it through to the left. The parameter X will turn out to be one of the deformation parameters. Thus we are led to the Yang-Baxter equation which is satisfied by B IJ KL given by (2.13)
which can be illustrated in Fig.1 . This equation can be cast in the more familiar Yang-Baxter equation in terms ofR-matrices which are defined with the conventional normalization as follows
In a similar argument which leads to eqs.(2.11) and (2.13), we can derive the following commutation relation:
Now let us restrict ourselves to the case of the q-deformed general linear supergroup GL q (m|n), for which we set up the following commutation relations
Taking the exterior derivative of (2.3), generally we have
Noting that (dx i ) 2 = 0, (θ α ) 2 = 0 and using the relation (2.13) we explicit worked out the computation of C IJ KL . It turns out that q IJ and p IJ are related with each other by the equation 19) and the explict form for the B IJ KL orR-matrix is found to be
20) where Θ
IJ is equal to 1 for I > J and 0 for I ≤ J, and q denotes q IJ . This solution for the Yang-Baxter equation provides the multiparametric deformation of GL(m|n) with q IJ and X as the deformation parameters. In the limit in which q IJ and X tend to 1 in (2.20), we can recover the classical case. Note that the whole B-matrix is composed of submatrices for a pair of the indices I and J (I < J) and is given by
and we find the eigenvalues for this submatrix are 1, −1/X, (−1/X)Î and (−1/X)Ĵ. Therefore, the eigenvalue equation of the whole B-matrix for GL q (m|n) (m + n = N) is given by
Hence the characteristic equation satisfied by theR-matrix is seen to be
which is again consistent with (2.11) and (2.13). Note that for the case of GL(2|0) (GL(n|0)), (2.20) reduces to the well-known result forR-matrix of the 2-parameter (the multiparameter) deformation of GL (2) [11] (GL(n) [12, 13] ).(The multiparameter deformation of GL(n) was also considered in ref. [24] on the basis of q-oscillators.) For GL(2), the choice :X = q 2 leads to the well-knownR-matrix with one deformation parameter q [10] . One-parameter deformed GL(1|1), also for the case X = q 2 , was discussed in ref. [25] . By introducing projection operators S and A given as 24) with the properties S 2 = S, A 2 = A, S + A = 1 and AS = SA = 0, the B-matrix can be expressed as
Now we make some remarks on ordering of the indices. We distinguish two types of ordering between bosonic and fermionic(Grassmann) coordinates forR-matrices of GL q (m|n) , Type I : i < α and Type II : i > α. Although this is not essential for the quantum-matrix commutation relation, these types lead to different expressions of the commutation relation between coordinates and partial derivatives given in (2.6).
Choosing the type I ordering, we can explicitly write down the expression of (2.6) for GL q (m|n) as follows
A similar but different expression can also be obtained for the type II ordering.
Quantum group and superdeterminant
The coordinates of the superspace, Z J are linearly transformed by a matrix T
which was also discussed in ref. [18] .
Using (2.20), we obtain explicit commutaion relations of T I J ,
where I < J and K < L. The relations show that T I J are nothing but matrix elements of GL q (m|n) quantum group, which has most deformation parameters we have ever known. It is remarkable that transposed matrix elements satisfy the same relations except q IJ replacing X/q IJ .
Next we define a superdeterminant of the quantum matrix T . The superdeterminant for GL q (1|1) has been obtained in refs. [17, 25] . Here we denote T by block matrices,
where A (D) transforms bosonic (fermionic) coordinates into new bosonic (fermionic) coordinates. At first we consider the case where only fermionic coordinates are linearly transformed one another. The fermionic determinant of the matrix D is defined through an equation;
If we introduce a fermionic volume element Dθ as
we find
On the other hand, in transformation of only bosonic coordinates, the bosonic determinant of the matrix A is defined as ref. [11, 12] through an equation,
Then superdeterminant of the matrix T is defined using the above volume elements,
Note that the matrix T can be decomposeed into a product of three simple matrices; Using (2.20), we obtain explicitly the bosonic and fermionic determinants as where σ implies a possible permutation. When q IJ = X = 1, the bosonic and the fermionic determinants and the superdeterminant become "classical" obviously.
Further,we obtain a commutaton relation,
This leads to commutation relations between the bosonic determinant and each matrix element
which coincides with the result of ref. [12] . In addition to (3.11), we use the commutation relations of the transposed matrix to find commutaion relations between the superdeterminant and the matrix elements T I J . Thus, we obtain relations,
where T ≡ SdetT . We can find commutation relations between the superdeterminant and T 
for all i and α. In general, eq. (3.15) provides (m + n − 1) independent conditions on the deformation parameters, while in special case where m = n we find only (m+n−2) independent conditions. Therefore, we can obtain SL q (m|n) quantum groups with {(N −2)(N −1)/2+1} independent deformation parameters and SL q (m|m) quantum groups with {(m−1)(2m−1)+2} independent parameters. The latter differs from the situation of SL q (m) of ref. [12] and that is one of remarkable aspects of the quantum supergroups.
Deformed phase space
In this section, we deform phase space of the supersymmetric coordinates and momenta, following refs. [10, 19] . We consider the real quantum superspace, i.e.,Z I = Z I . That requires conditions on the deformation parameters, i.e.,q IJ = 1/q IJ ,X = 1/X. Further, the derivatives should satisfȳ
where ρ(i) = (m + 1 − n − i)/2, ρ(α) = (α − n)/2 in the case of Type I ordering and ρ(i) = (m + 1 − i)/2, ρ(α) = (m + α − n)/2 for Type II ordering. Therefore we can define real momentum operators as
Eqs.(2.2), (2.6) and (2.16) requires that these super phase-space should follow commutation relations,
3)
. Suppose that we define super-gamma matrices as
Hereafter we denote α ′ = 2n − α + 1 and i ′ = 2m − i + 1. We can derive deformed super-Heisenberg algebra or "super"-Clifford algebra from the phase space algebra as follows,
KL is ,of course, related to the matrix B IJ KL , i.e., 
Imposing conditions,q IJ = q and X = q 2 , we find that theB matrices for the GL q (m|0) and GL q (0|n) phase spaces coincide with well-knownR-matrices of Sp q (2m) and SO q (2n) deformed by one parameter, respectively, as shown in ref. [19] . Further, the above analysis suggestsR-matrices for deformed OSp(2n|2m) groups.
Moreover, we can define a quantum superspace with a metric, whose differentials satisfy commutation relations,
where new coordinatesZ I in a deformed superspace consist of new bosonic coordinates
parities of all new coordinates are reversed, compared with the orginal GL q (m|n) phase space. From (4.7), we can derive commutation relations between the new coordinates and the differentials by the discussion on (2.3) and (2.18) as
Further, using characteristic equations of the block matrices ofB and (2.11), we can derive commutaions relations for the new coordinatesZ in a similar way to the procedure in the section two.
Let us consider the GL q (1|1) phase space as a concrete example, from which we deriveR-matrix for deformed OSp(2|2). The deformation of OSp(2|2) was also discussed algebraically in ref. [23] . In the case of Type I ordering, bosonic and fermionic momenta are defined as,
They and the coordinates satisfy commutaion relations as follows,
10)
where these relations are dominated by the matrixB constructed as (4.6). In this case, the matrixB is obtained explicitly as
where a * is obtained from a by rearrangement of the elements as (4.6.a). Suppose that we define gamma matrices γ 1 ≡ p θ , γ 2 ≡ θ, c 1 ≡ p x and c 2 ≡ x. They satisfy super-Clifford algebra for deformed OSp(2|2) group as
12)
Using the matrixB as (4.7), we can define commutation relations between differentials of the deformed OSp(2|2) superspace as,
13)
Here we define another parity ǫ(I) as ǫ(1) = 0 and ǫ(2) = 1 in both bosonic and fermionic cases. 15) and explicitly obtain the commutation relations as
This algebra has a center,x 1x2 + iθ 1θ2 , i.e., it is not deformed from the classical one.
It can be described as , coincide with those of SO q (2) and Sp q (2) quantum groups of ref. [7] , respectively. By similar procedure, we can derive commutaion relations of the deformed OSp(2|2) superspace for Type II ordering, where we can find thatx 1x2 + iθ 1θ2 is also central. Further the similar analysis on the GL q (m|n) phase space lead to various quantum superspaces with metrics.
Concluding remarks
In this paper we investigated the differential calculus on the non-commutative superspace. We obtained the Yang-Baxter equation in this framework for quantum supergroups, and in particular, the explicit form for the multiparametricR-matrix in the case of q-deformed general linear supergroup, GL q (m|n). We also presented the commutation relation of quantum supergroup matrix-elements as well as quantum superdeterminants. We then extended these results to phase-space construction of OSp q (2n|2m). Some details for quantum super-Clifford algebras and theR-matrix were presented for the case of OSp q (2|2).
It would be interesting to extend the present result to more general supergroups. It should also be worked out to find the relation between the quantum group and the quantum Lie algebras. In the context of differential calculus, one of the next issues to be studied is the quantum differential form [26] .
Finally, there have been a number of works on quantum deformations of spacetime symmetries such as Lorentz [27, 28, 29] and Poincaré [30, 31, 32] groups in the literatures. In this connection, the most intriguing subject to be pursued further might be q-deformation of super-Poincaré symmetry. 
